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Abstract
In this paper, we present a type D non-zero cosmological constant
vacuum solution of the Einstein field equations, an extension of an
axially symmetric, asymptotically flat vacuum metric with a curva-
ture singularity. The metric admit closed time-like curves (CTC) that
appear after a certain instant of time from an initial spacelike hyper-
surface, indicating it represents a time-machine space-time.
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1 Introduction
Closed time-like curves constitute one of the most intriguing aspects of gen-
eral relativity. The first solution of the field equations admitting closed time-
like curves (CTC) is the Go¨del rotating Universe [1]. It represents a rotating
universe and is axially symmetric, given by
ds2 = dr2 + dz2 + (sinh2 r − sinh4 r) dθ2 + 2
√
2 sinh2 r dθ dt− dt2. (1)
The coordinates are in the ranges 0 ≤ r <∞, −∞ < z <∞, −∞ < t <∞
and θ is periodic. For some r > r0, the metric function, gθθ = sinh
2 r −
sinh4 r becomes negative. The circle defined by r > r0, and t = 0 = z
will be time-like everywhere. This condition is fullfiled when r > r0 =
ln(1 +
√
2) which is the condition for existence of CTC in the Go¨del space-
time because one of the coordinate θ ∈ [0, 2pi] is periodic. Next one is the van
Stockum space-time [2], which pre-dates the Go¨del solution, and was shown
later to have CTC [3]. Examples of space-time admitting CTC including
NUT-Taub metric [4, 5, 6, 7], Kerr and Kerr-Newmann black holes solution
[8, 9, 10], Gott time-machine [11], Grant space-time [12], Krasnikov tube
[13], Bonnor’s metrics [14, 15, 16, 17, 18, 19], and others in [20, 21, 22, 23,
24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. Space-time with causality
violating curves are classified as either eternal or true time-machine space-
times. In Eternal time machine space-time case, CTC always pre-exist. In
this category would be [1] or [2] (see also, Refs. [23, 25, 27, 32]). A true time
machine space-time is the one in which CTC evolve at a particular instant of
time from an initial spacelike hypersurface in a causally well-behaved manner
satisfying all the energy conditions with known type of matter fields. In this
category, Ori time machine space-time [36] is considered to be the most
remarkable. But the matter source satisfying all the energy conditions is of
unknown type in this space-time. Most of the time machine models suffer
from one or more drawbacks. For space-time admitting CTC, the matter-
energy sources must be realistic, that is, the stress-energy tensor must be of
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known type of matter fields which satisfy all the energy conditions. Many
space-time model, for examples, traversable wormholes [37, 38], warp drive
models [39, 40, 41, 42] violate the Weak energy condition (WEC), which
states that Tµν U
µ Uν ≥ 0 for a time-like tangent vector field Uµ, that is,
the energy-density must be non-negative. Some other space-times admitting
CTC violate the strong energy condition (SEC) (e. g., Refs. [43, 44, 45, 46]),
which states that (Tµν − 12 gµν T )Uµ Uν ≥ 0. In addition, some solutions
does not admit a partial Cauchy surface (initial spacelike hypersurface) (e.
g., Refs. [1, 47]) and/or CTC come from infinity (e. g., Refs. [11, 12]). In
addition, there is a curvature singularity in some solutions admitting CTC
[3, 34, 35, 47, 48, 49, 50, 51, 52].
The cosmological constant plays a vital role in explaining the dynamics of
the universe. A tiny positive cosmological constant neatly explains the late
time accelerated expansion of the universe. Indeed our universe is observed
to be undergoing a de Sitter (dS) type expansion in the present epoch. For a
negative cosmological constant, space-time is labelled as anti-de Sitter (AdS)
space. The AdS space has been a subject of intense study in recent times
on account of the celebrated AdS/CFT correspondence [53] which provides a
link between the quantum theory of gravity on an asymptotically AdS space
and a lower dimensional conformal field theory (CFT) on its boundary.
2 Review of type D vacuum space-time with
a curvature singularity and CTC [50]
In Ref. [50], a type D axially symmetric, asymptotically flat vacuum solution
of the field equations with zero cosmological constant, was constructed. This
vacuum metric is as follow
ds2 = − cosh t cotht sinh2 r dt2 + cosh2 r sinh r dr2 + cschr dz2
+ sinh2 r (2
√
2 cosh t dt dφ− sinh t dφ2). (2)
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After doing a number of transformations into the above metric, we arrive at
the following
ds2 = cosh2 r sinh r dr2 + cschr dz2 − sinh2 r (2 dt dφ+ t dφ2). (3)
The Kretschmann scalar of the above metric ia
K = Rµνρσ R
µνρσ =
12
sinh6 r
. (4)
For constant r, z, the metric (3) reduces to conformal Misner metric in 2D
ds2 = Ω(−2 dt dφ− t dφ2), (5)
where Ω = sinh2 r is the conformal factor.
In the context of CTC, the Misner space metric in 2D is interesting be-
cause CTC appear after a certain instant of time from causally well-behaved
conditions. The metric for the Misner space in 2D [54] is given by
ds2Mis = − 2 dT dX − T dX2, (6)
where −∞ < T <∞ but the co-ordinateX is periodic locally. The metric (6)
is regular everywhere as det g = −1 including at T = 0. The curves T = T0,
where T0 is a constant, are closed since X is periodic. The curves T < 0 are
spacelike, T > 0 are time-like, while the null curve T = 0 form the chronology
horizon. The second type of curves, namely, T = T0 > 0 are closed time-like
curves. Therefore, the metric (2) or (3) is a four-dimensional generalization
of 2D Misner space metric in curved space-time. Note that the above space-
time is vaccum solution of field equations, a Ricci flat, that is, Rµν = 0.
Li [55] constructed a Misner-like AdS space-time, a time-machine model.
Levanony et al. [56] constructed a three-, four-dimensional generalization of
flat Misner space metric.
In this paper, we extend the above space-time (2) to a Ricci flat space-
time of non-zero cosmological constant. The modified space-time satisfies
the following
Rµν = Λ gµν, R = 4Λ, Λ < 0, (7)
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thus satisfying the condition Einstein spaces. It is anti-de Sitter-like space
as Λ is negative and is of constant curvature [57, 58, 30]. This extended
space-time satisfies all the basic requirements (see details in Ref. [30]) for
a time machine space-time except one, that is, this model is not free-from
curvature singularity.
3 Analysis of a cosmological constant vacuum
space-time
Consider the follwing line element, a modification of the metric (2) given by
ds2 = sinh2 r
(
− cosh t cotht dt2 + 2
√
2 cosh t dt dφ− sinh t dφ2
)
+
dr2
α cschr sech2r + Λ
3
tanh2r
+
(
α cschr +
Λ
3
sinh2 r
)
dz2. (8)
Here α is a positive constant, and Λ < 0 is the cosmological constant. The
coordinates are labelled x0 = t, x1 = r, x2 = φ, and x3 = z. The ranges of
the coordinates are
0 ≤ r <∞, −∞ < z <∞, −∞ < t <∞, (9)
and φ is a periodic coordinate φ ∼ φ + φ0, with φ0 > 0. The metric is
Lorentzian with signature (−,+,+,+) and the determinant of the corre-
sponding metric tensor gµν ,
det g = − cosh2 r sinh4 r cosh2 t. (10)
By doing a number of transformations as done in [50] into the above metric
(8), we arrive at the following
ds2 = − sinh2 r (2 dt dφ+ t dφ2) + cosh
2 r dr2(
α cschr + Λ
3
sinh2 r
)
+
(
α cschr +
Λ
3
sinh2 r
)
dz2. (11)
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The space-time (8) satisfies the above mentioned condition (7) with a neg-
ative cosmological constant (Λ < 0). Therefore, the space-time (8) is an
example of the class of Einstein space of the anti-de Sitter (AdS) space type.
For constant r = r0 > 0 and z = z0, the metric (11) becomes
ds2conf = sinh
2 r (−2 dt dφ− t dφ2) = Ω ds2Mis, (12)
a conformal Misner space metric in 2D where, Ω is the conformal factor.
Therefore, the space-time admits CTC for t = t0 > 0 similar to the Misner
space discussed earlier.
We check whether the CTC evolve from an initially spacelike t = const.
hypersurface (and thus t is a time coordinate). This is determined by calcu-
lating the norm of the vector ∇µt [36] (or alternately from the value of gtt in
the inverse metric tensor gµν). A hypersurface t = const. is spacelike when
gtt < 0 at t < 0, time-like when gtt > 0 for t > 0 and null gtt = 0 for t = 0.
For our given metric (8), it is given by
∇µt∇µt = gtt = sinh t
sinh2 r cosh2 t
. (13)
Thus, a hypersurface t = constant is spacelike for t < 0, time-like for t > 0
and null at t = 0. We restrict our analysis to r > 0 otherwise no CTC
will be formed. Thus the spacelike t = constant < 0 hypersurface can
be chosen as initial hypersurface over which initial data may be specified.
There is a Cauchy horizon at t = t0 = 0 called Chronology horizon, which
separates the causal past and future in a past directed and future directed
manner. Hence the space-time evolves from a partial Cauchy surface (i. e.,
an initial spacelike hypersurface) in a causally well-behaved, up to a moment,
i. e., a null hypersurface t = t0 = 0 and the formation of CTC takes place
from causally well-behaved initial conditions. The evolution of CTC is thus
identical to the case of the Misner space metric.
That the space-time represented by (8) satisfies the requirement of axial
symmetry is clear from the following. Consider the Killing vector η = ∂φ
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having the normal form
ηµ = (0, 1, 0, 0) . (14)
Its co-vector form
ηµ = sinh
2 r
(
0,− sinh t, 0,
√
2 cosh t
)
. (15)
The vector (15) satisfies the Killing equation ηµ ; ν+ην ;µ = 0. The space-time
is axial symmetry if the norm of the Killing vector ηµ vanish on the axis i.
e. at r = 0 (see [59, 60] and references therein). In our case
X = |ηµ ηµ| = |gφφ| = | − sinh t sinh2 r| → 0, (16)
as r → 0.
The metric has a curvature singularity at r = 0. We find that the
Kretschmann scalar is
K = Rµνρσ R
µνρσ =
8Λ2
3
+
12α2
sinh6 r
. (17)
We can see that the scalar curvature diverge at r → 0 which indicates the
space-time possesses a curvature singularity. In addition, the Krestchmann
scalar becomes K → 8Λ2
3
for r →∞ indicating that the metric is asymptot-
ically anti-de Sitter space radially [61].
3.1 Classification of the solution and its physical in-
terpretation
Here we first classify the space-time according to the Pertov classification
scheme, and then analyze the effect of local fields of the solution. We con-
struct a set of null tetrad (k, l,m, m¯) [57] for the space-time (8). Explicitly
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these co-vectors are
kµ =
sinh r√
2
(
cosh t√
sinh t
, 0, (−
√
2 + 1)
√
sinh t, 0
)
, (18)
lµ =
sinh r√
2
(
cosh t√
sinh t
, 0,−(
√
2 + 1)
√
sinh t, 0
)
, (19)
mµ =
1√
2

0, cosh r√
α cschr + Λ
3
sinh2 r
, 0, i
√
α cschr +
Λ
3
sinh2 r

 ,(20)
m¯µ =
1√
2

0, cosh r√
α cschr + Λ
3
sinh2 r
, 0,−i
√
α cschr +
Λ
3
sinh2 r

 .(21)
The set of null tetrads above is such that the metric tensor for the line element
(8) can be expressed as
gµν = −kµ lν − lµ kν +mµ m¯ν + m¯µmν . (22)
The vectors (18)–(21) are null vector and orthogonal, except for kµl
µ = −1
and mµm¯
µ = 1.
We calculate the five Weyl scalars, of these only
Ψ2 = Cµνρσ k
µmν m¯ρ lσ =
α
2 sinh3 r
(23)
is non-vanishing, while the rest are vanish. Thus the metric is clearly of type
D in the Petrov classification scheme.
We set up an orthonormal frame e(a) = {e(0), e(1), e(2), e(3)}, e(a) · e(b) ≡
e
µ
(a) e
ν
(b) gµν = ηab = diag(−1,+1,+1,+1) which consists of three spacelike
unit vectors e(i), i = 1, 2, 3 and one time-like vector e(0) [62]. Notations are
such that small latin indices are raised and lowered with Minkowski metric
ηab, ηab and greek indices are raised and lowered with metric tensor g
µν , gµν .
The dual basis is e(i) = e(i) and e
(0) = −e(0). These frame components in
terms of tetrad vector can be expressed as
k =
1√
2
(
e(0) + e(2)
)
, l =
1√
2
(
e(0) − e(2)
)
, m =
1√
2
(
e(1) + i e(3)
)
. (24)
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In order to analyze the effect of local gravitational fields of the solution,
we have used the equations of geodesic deviation [33, 25, 51] which in terms
of orthonormal frame e(a) are
Z¨(i) = −R(i)(0)(j)(0) Z(j), i, j = 1, 2, 3, (25)
where e(0) = u is the time-like four-velocity vector of the free test particles.
We set here Z(0) = 0 such that all test particles are synchronized by the
proper time. From the standard definition of the Weyl tensor and the field
equation Gµν + Λ gµν = 0, we get
R(i)(0)(j)(0) = C(i)(0)(j)(0) − Λ
3
δij, (26)
where C(i)(0)(j)(0) ≡ eµ(i) uν eρ(j) uσ Cµνρσ are the components of the Weyl tensor.
The only non-vanishing Weyl scalars are given by (23) so that
C(1)(0)(1)(0) = −Ψ2 = C(3)(0)(3)(0) , C(2)(0)(2)(0) = 2Ψ2. (27)
Therefore, the equations of geodesic deviation (25) takes the following form
Z¨(1) = −R(1)(0)(j)(0) Z(j) = −
(
C(1)(0)(1)(0) − Λ
3
)
Z(1) =
(
Ψ2 +
Λ
3
)
Z(1),
Z¨(2) = −R(2)(0)(j)(0) Z(j) = −
(
C(2)(0)(2)(0) − Λ
3
)
Z(2) =
(
−2Ψ2 + Λ
3
)
Z(2),
Z¨(3) = −R(3)(0)(j)(0) Z(j) = −
(
C(3)(0)(3)(0) − Λ
3
)
Z(3) =
(
Ψ2 +
Λ
3
)
Z(3).(28)
In the limit α → 0, all the Weyl scalars including Ψ2 vanishes. In this
limit, the space-time (8) becomes conformally flat, maximally symmetric
spaces satisfying the following criteria
Rµνρσ =
Λ
3
(gµρ gνσ − gµσ gνρ) , Λ < 0. (29)
Thus the space-time (8) in the limit α→ 0 becomes the anti-de Sitter (AdS)
space type. So the equations of geodesic deviation (28) in this limit becomes
Z¨(i) =
Λ
3
Z(i) (30)
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with the solutions
Z(i) = ai cos
(√
−Λ
3
τ
)
+ bi sin
(√
−Λ
3
τ
)
, (31)
where ai, bi, i = 1, 2, 3 are the arbitrary constants.
Again, in the limit Λ → 0, the only non-vanishing Weyl scalars is Ψ2
given by (23). The space-time (8) reduces to type D vaccum space-time of
zero cosmological constant with a curvature singularity which we discussed,
in detail, in Ref. [50]. In this limit Λ→ 0, the equations of geodesic deviation
(28) becomes
Z¨(1) = Ψ2 Z
(1), Z¨(2) = −2Ψ2 Z(2), Z¨(3) = Ψ2 Z(3) (32)
with the solutions
Z(1) = c1 cosh
(√
Ψ2 τ
)
+ d1 sinh
(√
Ψ2 τ
)
,
Z(2) = c2 cos
(√
2Ψ2 τ
)
+ d2 sin
(√
2Ψ2 τ
)
,
Z(3) = c3 cosh
(√
Ψ2 τ
)
+ d3 sinh
(√
Ψ2 τ
)
, (33)
where ci, di, i = 1, 2, 3 are the arbitrary constants and Ψ2 6= 0.
4 Summary and future work
In this paper, we generalize a Ricci flat space-time [50] to the case of non-
zero cosmological constant solution in four-dimensional curved space-time,
still represent a vacuum solution of the Einstein’s field equations. By in-
troducing a cosmological constant term into the metric components in the
metric [50], we have seen that for r = r0, and z = z0 where, r0, z0 are con-
stants the modified metric reduces to 2D conformal Misner space geometry.
As discussed in section 2, the Misner space metric admit CTC which appear
after a certain instant of time from a causally well conditions. Our mod-
ified metric as well as the one studied in [50] evolves CTC from an initial
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spacelike hypersrface at a ceratin instant of time. Though causality violating
space-times have been studied extensively in literature, few of them belongs
to true time-machine space-time (e. g., [36, 24, 31, 25, 26, 34, 35, 33, 28]),
and others (e. g., [50, 51, 52, 26]) are lacking one or more basic requirements
for true time-machine space-time. In addition, many time-machine models
mentioned in the introduction violate one or more the energy condition. Our
space-time is a vacuum solution of the Einstein’s field equations with non-
zero negative cosmological constant (Λ 6= 0). So all the energy conditions are
automatically satisifed and the modified metric would represent a true time-
mchine space-time lacking not to free-from curvature singularity. A positive
cosmological constant plays an importance role in explaining the dynamics
of the universe. But in our case, however, it is negative. One can use this
modified space-time as a model to study quantum gravity in connection to
the field theory. The dynamic stability of the modified space-time is beyond
the scope of the present work. Our motivation to further study this problem
is to construct a space-time which satisfies all the criteria for a time-machine
model, like obeying the energy conditions, realistic or known types of matter
sources, singularity-free and evolves CTC from an initial spacelike hypersur-
face in a causally well-behaved manner after a certain instant of time.
References
[1] K. Godel, Rev. Mod. Phy. 21, 447 (1949).
[2] W. J. van Stockum, Proc. R. Soc. Edin. 57, 135 (1938).
[3] F. J. Tipler, Phys. Rev. D 9, 2203 (1974).
[4] C. W. Misner and A. H. Taub, Sov. Phys. JETP 28, 122 (1969).
[5] C. W. Misner, J. Math. Phys. 4, 924 (1963).
[6] A. H. Taub, Ann. Math. 53, 472 (1951).
11
[7] E. Newman, L. Tamburino and T. Unti, J. Math. Phys. 4, 915 (1963).
[8] R. P. Kerr, Phys. Rev. Lett. 11, 237 (1963).
[9] B. Carter, Phys. Rev. 174, 1559 (1968).
[10] A. Tomimatsu and H. Sato, Progr. Theor. Phys. 50, 95 (1973).
[11] J. R. Gott, Phys. Rev. Lett. 66, 1126 (1991).
[12] J. D. E. Grant, Phys. Rev. D 47, 2388 (1993).
[13] S. V. Krasnikov, Class. Quantum. Grav. 15, 997 (1998).
[14] W. B. Bonnor, Class. Quantum Grav. 18, 1381 (2001).
[15] W. B. Bonnor, Class. Quantum Grav. 19, 5951 (2002).
[16] W. B. Bonnor, Int. J. Mod. Phys. D 12, 1705 (2003).
[17] W. B. Bonnor and B. R. Steadman, Class. Quantum Grav. 21, 2723
(2004).
[18] P. Collas and D. Klein, Gen. Relativ. Grav. 36, 2549 (2004).
[19] W. B. Bonnor and B. R. Steadman, Gen. Relativ. Grav. 37, 1833 (2005).
[20] M. Gu¨rses, A. Karasu and O¨. Sariog˘lu, Class. Quantum Grav. 22, 1527
(2005).
[21] V. M. Rosa and P. S. Letelier, Int. J. Theor. Phys. 49, 316 (2010).
[22] J. Evslin and T. Qiu, JHEP 2011, 032 (2011).
[23] D. Sarma, M. Patgiri and F. U. Ahmed, Gen. Relativ. Grav. 46, 1633
(2014).
[24] F. Ahmed, B. B. Hazarika and D. Sarma, EPJ Plus 131, 230 (2016).
12
[25] F. Ahmed, Ann. Phys. (N. Y.) 386, 25 (2017).
[26] F. Ahmed, Prog. Theor. Exp. Phys. 2017, 043E02 (2017).
[27] F. Ahmed, Commun. Theor. Phys. 68, 735 (2017).
[28] F. Ahmed, Commun. Theor. Phys. 67, 189 (2017).
[29] F. Ahmed, Prog. Theor. Exp. Phys. 2017, 083E03 (2017).
[30] F. Ahmed, Ann. Phys. (N. Y.) 382, 127 (2017).
[31] F. Ahmed, J. Phys. Commun. 2, 035036 (2018).
[32] F. Ahmed, Theor. Math. Phys. 195, 916 (2018).
[33] F. Ahmed, Eur. Phys. J. C (2018) 78: 385.
[34] F. Ahmed, Prog. Theor. Exp. Phys. 2019, 013E03 (2019).
[35] F. Ahmed, Grav. Cosmo. 26 (02), 136 (2020) ; arXiv e-print: 1904.12675
[gr-qc].
[36] A. Ori, Phys. Rev. Lett. 95, 021101 (2005).
[37] M. S. Morris, K. S. Thorne and U. Yurtsever, Phys. Rev. Lett. 61, 1446
(1988).
[38] M. S. Morris and K. S. Thorne, Amer. J. Phys. 56, 395 (1988).
[39] M. Alcubierre, Class. Quantum Grav. 11, L73 (1994).
[40] A. E. Everett, Phys. Rev. D 53, 7365 (1996).
[41] A. E. Everett and T. A. Roman, Phys. Rev. D 56, 2100 (1997).
[42] F. Lobo and P. Crawford, Lect. Notes Phys. vol. 617, L. Fernandez et.
al. (eds.), Springer-Verlag, Germany, Berlin, pp. 277-291 (2003).
13
[43] A. Ori, Phys. Rev. Lett. 71, 2517 (1993).
[44] A. Ori and Y. Soen, Phys. Rev. D 49, 3990 (1994).
[45] Y. Soen and A. Ori, Phys. Rev. D 54, 4858 (1996).
[46] K. D. Olum, Phys. Rev. D 61, 124022 (2000).
[47] R. L. Mallett, Found. Phys. 33, 1307 (2003).
[48] K. D. Olum and A. E. Everett, Found. Phys. Lett. 18, 379 (2005).
[49] A. Ori, Phys. Rev. D 76, 044002 (2007).
[50] D. Sarma, F. Ahmed and M. Patgiri, Adv. HEP 2016, 2546186 (2016).
[51] F. Ahmed, Adv. High Energy Phys. 2017, 3587018 (2017).
[52] F. Ahmed, Adv. High Energy Phys. 2017, 7943649 (2017).
[53] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998).
[54] C. W. Misner, in Relativity Theory and Astrophysics I: Relativity and
Cosmology, J. Ehlers (ed.), Lect. App. Math. Vol. 8, American Mathe-
matical Society, providence (1967).
[55] L-Xin Li, Phys. Rev. D 59, 084016 (1999).
[56] D. Levanony and A. Ori, Phys. Rev. D 83, 044043 (2011).
[57] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers and E. Herlt,
Exact Solutions to Einstein’s Field Equations, Cambridge University
Press, Cambridge (2003).
[58] J. B. Griffiths and J. Podolsky, Exact Space-Time in Einstein’s General
Relativity, Cambridge University Press, Cambridge (2009).
[59] M. Mars and J. M. M. Senovilla, Class. Quantum Grav. 10, 1633 (1993).
14
[60] M. Mars and J. M. M. Senovilla, Class. Quantum Grav. 12, 2071 (1995).
[61] J. C. N. de Araujo and A. Wang, Gen. Rel. Gravit. 32, 1971 (2000).
[62] I. D. Soares, J. Math. Phys. 21, 521 (1980).
15
